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in a two dimensional electron system
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(Dated: June 28, 2018)
We investigate spin accumulation caused by spin-orbit interactions (SOIs) in a two dimensional
electron system confined in one direction. We calculate spin density caused by three kinds of SOIs;
arising from edge potential, Rashba and Dresselhaus mechanisms. All SOIs are shown to generate
out-of-plane spin accumulations at the lateral edges of the system. We also find that the Rashba and
the Dresselhaus mechanisms are competitive. Especially, when the strength of both interactions are
equal, their effects cancel out each other. In that case, only the edge potential mechanism becomes
relevant, and analytical expression is obtained for the spin density. The edge potential mechanism is
shown to induce spin accumulation similar to and consistent with the experiment [Sih et al., Nature
Phys 1, 31 (2005)]. We discuss the mechanism of the spin accumulation for each SOIs in some
detail.
PACS numbers: 72.25.Dc, 73.23.Ad, 85.75.-d.
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I. INTRODUCTION
Spin-orbit interaction (SOI) in semiconductors attracts
much attention, since it makes possible to control elec-
tron spins without magnetic field, a goal of spintronics
[1, 2]. SOI is very small in a vacuum, since its strength is
inversely proportional to the Dirac gap creating electron-
positron pairs ∼ 106 eV. In contrast to a vacuum, SOI is
largely enchanced for electrons in semiconductors, since
the corresponding energy of creating electron-hole paris
is given by the band gap ∆ ∼ 1 eV [3]. This is why SOIs
play important roles in spintronics.
SOIs have been shown to generate spin currents per-
pendicular to bias current, a phenomenon called spin Hall
effect (SHE), which is expected to be a useful tool for cre-
ating spin polarized current. SHE is explained as a result
of spin dependent sccaterings through impurity poten-
tial by D’yakonov and Perel’ [4], and independently by
Hirsch [5] and Zhang [6]. Meanwhile, other scenarios are
proposed for p−type bulk semiconductors described by
Luttinger Hamiltonian [7], and for n−type two dimen-
sional semiconductors with the Rashba type SOI [8]. In
addition to the Rashba SOI [9], Dresselhaus SOI [10] is
also shown to generate spin current in exactly opposite
direction to the one which the Rashba SOI gives [11].
These transverse spin currents have been expected to
generate opposite out-of-plane spin accumulations at the
lateral edges of sample, analogously to Hall effect; lon-
gitudinal current induces charges with opposite signs at
the transverse edges. This theoretical prediction was con-
firmed in the recent experiments [12, 13, 14, 15]. Several
theoretical studies suggest that the spin accumulation are
caused by three SOIs [16, 17, 18, 19, 20, 21, 22, 23]. The
Rashba SOI [16, 17, 18, 19, 21, 22] and the Dresselhaus
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FIG. 1: Schematic figure of the system. A two dimensional
system is sandwiched between two contacts. µH and µL are
chemical potentials and we assume µH >µL.
SOI [20] are shown to cause opposite spin accumulations
at lateral edges. Recently, Xing et al. [23] have shown
that the SOI coming from the edge potential can induce
the spin accumulation as well. Here, a question arises, as
to how these three SOIs determine spin density. As far
as authors are aware, no calculation including all three
types of SOIs has been published.
In this paper we study the effects of three SOIs on
spin accumulation in a two dimensional electron system
(2DES). Spin density is calculated analytically for the
SOI from edge potential, and numerically for the Rashba
and the Dresselhaus SOIs. Finally we investigate the ef-
fects of all SOIs. All SOIs are shown to generate opposite
out-of-plane spin accumulations at the lateral edges. We
also find that the Rashba and the Dresselhaus SOIs are
competitive, as is the case for SHE. The SOI from the
edge potential is shown to generate similar acuumulation
to the experiment [14]. For each SOIs we discuss precisely
the mechanism of spin accumulation.
2FIG. 2: (a) The edge potential in real systems: Vreal(x) is zero
in the center and gradually increases toward the edges. (b)
The edge potential in our study: considering only the edge
effect
II. MODEL HAMILTONIAN
We consider a ballistic 2DES with two reflectionless
contacts, illustrated in Fig.1. It means that electrons
injected from one contact move freely without scatter-
ings in the 2DES, and enter the other contact without
reflections. In our setup, electrons are confined in x (z)
direction by edge potential Vedge(x) (V (z)). Although
the edge potential profile in a real system is like Vreal(x)
in Fig.2(a), considering the edge potential like Vmodel(x)
in Fig.2(b) is enough to understand the spin accumula-
tion observed in the experiments. It is because the spin
accumulation occurs only in the vicinity of the edges, and
as far as the edge spin polarization is concerned, there is
no essential difference between these two potentials. We
assume Vmodel(x) to be harmonic potential to make cal-
culation easier. In this model, Hamiltonian for electrons
compose of free electron partH0 and the SOIs partHSOI.
Hamiltonian for free electrons is given by
H0 =
1
2m∗
(p2x + p
2
y) + Vmodel(x) , (1)
Vmodel =
1
2
m∗ω2x2 , (2)
where −→p is momentum, m∗ is effective mass of electrons
(in our work, we choose GaAs as the host of the electronic
syetem, i.e. m∗ = 0.067me), ω is a harmonic oscillator
frequency. We assume that the confining potential V (z)
is so strong that all electrons are in the lowest energy
state in z direction. Hamiltonian for the SOIs consists of
three parts,
HSOI = HEdge +HR +HD , (3)
Hedge =
(g∗ − 1)~
2m∗∆
σzpy
dVmodel(x)
dx
, (4)
HR =
α
~
(pxσy − pyσx) , (5)
HD =
β
~
(pxσx − pyσy) , (6)
where Hedge, HR and HD are respectively the SOI from
the edge potential, the Rashba SOI, and the Dresselhaus
SOI. σi (i = x, y, z) is Pauli matrix, g
∗ is Lande factor
(g∗ = −0.44 in GaAs), ~ is Planck constant divided by
2pi, α and β characterize the strength of the Rashba and
FIG. 3: Spin density and electron density are plotted as a
function of x for Fermi energy EF = 50 meV, ~ω = 5 meV,
µH −µL = 1 meV. Up-spin (down-spin) electrons accumulate
in − (+) x direction. l =
p
~/m∗ω is the characteristic length
of the harmonic oscillator.
the Dresselhaus SOIs, ∆ is 1.42 eV in GaAs. Hereafter
we take z axis as the spin quantization axis.
III. CALCULATIONS AND RESULTS
In this section, we calculate spin density in z direction
〈σz〉 which was detected in the experiments [12, 13, 14,
15]. To investigate the effects of each SOIs precisely,
we divide this section into three subsections. Firstly we
study the effect of only the SOI from the edge potential,
and secondly the Rashba and the Dresselhaus SOIs, and
finally, all of them. All calculations are done assuming
zero temperature.
A. SOI from the edge potential
In the case of the SOI from the edge potential, Hamil-
tonian is given,
H =
1
2m∗
(p2x+p
2
y)+
1
2
m∗ω2x2+
(g∗ − 1)~ω2
∆
σzpyx . (7)
Here, we can replace σz and py respectively, by s (+1
for up-spin, −1 for down-spin) and ~ky, since these two
operators commute with H . Before diagonalization, we
rewrite Hamiltonian to see how the edge potential works
on electrons through SOI,
H =
p2x
2m∗
+
1
2
m∗ω2(x+
(g∗ − 1)~2
2m∗∆
sky)
2
+
~
2
2m∗
(1 +
1
2
(g∗ − 1)2(
~ω
∆
)2)k2y , (8)
The second term represents harmonic potential depend-
ing on spin and wavenumber. Up- and down-spin elec-
trons with the same wavenumber ky feel different po-
tential effectively. For example, for up-spin (down-spin)
3electron with −ky, its potential minimum shifts to − (+)
x direction. This Hamiltonian can be easily diagonalized
and eigenstates and energies are given by
Ψn,ky,s(x, y) =
eikyy√
Ly
Φn(x +
(g∗ − 1)~2
2m∗∆
sky)χs , (9)
En,ky,s = ~ω(n+
1
2
)
+
~
2
2m∗
(1 +
1
2
(g∗ − 1)2(
~ω
∆
)2)k2y , (10)
where Φn(x) and χs are wavefunctions of the harmonic
oscillator for band index n and of spin part. As we can
see easily, the center of density profile shifts depending
on the electron spin in z direction and the wavenumber in
y direction. Up- and down-spin states are energetically
degenerate. Using these wavefunctions, we calculate spin
density 〈σz〉 summing up the expectation value for occu-
pied state (n, ky, s),
〈σz〉 =
∑
n,ky,s
Ψ†n,ky,s(x, y)σzΨn,ky,s(x, y) . (11)
An assumption of reflectionless contacts greatly simpli-
fies the treatment of applied electric field: in Fig.1, elec-
trons with positive (negative) momentum in y direc-
tion occupy the states with energy lower than µL (µH),
since electrons injected from one contact go through the
other side contact without reflections. In our assumption
µH > µL, electrons with energy µL < E < µH have neg-
ative wavenumber, and contribute to spin accumulation
at zero temperature. By assuming µH−µL ≪ µH, µL, we
obtain analytical expression of spin density in the linear
response regime,
〈σz〉 =
∑
n
mLy
2pi~2(−kFy (n))
(|Ψn,kF
y
(n),s=1(x)|
2
−|Ψn,kF
y
(n),s=−1(x)|
2)(µH − µL) , (12)
where kFy (n) is Fermi wavenumber of band index n given
by
kFy (n) = −
√
EF − ~ω(n+
1
2 )
~2
2m∗ (1 +
1
2 (g
∗ − 1)2(~ω∆ )
2)
. (13)
In this expression, |Ψn,kF
y
(n),s=+(−)1(x)|
2 represents
that up-spin (down-spin) electron accumulates in− (+) x
direction, so contributions from two states (n, kFy (n), s =
±1) result in opposite spin accumulations. Of course, the
summation for band index n gives the similar result. The
spin density and the electron number density are plotted
in Fig.3. From this figure, it is seen that the SOI from
the edge potential causes opposite spin accumulations at
the lateral edges. The spin density profile depends on the
Lande factor g∗ ≷ 1. In the case g∗ > 1, spin density pro-
file is opposite to the result in Fig.3. We also plot the spin
FIG. 4: Spin density is plotted as a function of x and the edge
potential strength ~ω for EF = 50 meV, µH − µL = 1 meV.
The width of the spin density and the numbers of oscillations
depend on the trap strength.
FIG. 5: Spin density is plotted as a function of x and α for
EF = 50 meV, ~ω = 5 meV, µH − µL = 1 meV, and β =
5 × 10−12 eVm. The Rashba and the Dresselhaus SOIs are
competitive. Dash line indicates α = β.
density, as a function of the strength of the harmonic po-
tential with keeping Fermi energy constant in Fig.4. The
width of the spin density and the number of its oscilla-
tions are characterized by the wavefunctions of electrons
in the highest band. In the strong trapping limit, only
electrons in the lowest subband generate the spin accu-
mulation with the narrow width and a small number of
oscillations. As the potential become weaker, the more
subbands are involved and the spin density oscillations
spreads over the wide region. The step like change oc-
curs when the number of subbands crossing the Fermi
level changes. Spin polarization, P = 〈σz〉/〈n〉, at the
peak of the spin accumulation is about 10−3 ∼ 10−4 in
Fig.3 and Fig.4.
B. Rashba SOI and Dresselhaus SOI
We treat the Rashba and the Dresselhaus SOIs on an
equal footing since they are theoretically shown to gen-
4erate spin currents in opposite directions with the same
magnitude, and expected to give similar effects on spin
density. In our model, Hamiltonian is given by,
H =
1
2m∗
(p2x + p
2
y) +
1
2
m∗ω2x2
+
α
~
(pxσy − pyσx) +
β
~
(pxσx − pyσy) , (14)
Similar to the previous section, we can put py = ~ky.
Wavefunctions is expanded in eigenfunctions of the har-
monic oscillator,
Ψ˜N,ky,±(x, y) =
∑
n,ky,s
a(N,±)n,s Ψn,ky,s , (15)
where N is a new band index, ± indicate energy bands
split caused by the SOIs. Coefficients a
(N,±)
n,s are deter-
mined numerically. We expect non-zero spin density in
applied electric field as in the previous section. A cal-
culation for spin density 〈σz〉 is the same as Eq(11). To
see the effects of two SOIs, the spin density is plotted in
Fig.5, as a function of the Rashba strength with keep-
ing the Dresselhaus strength constant, since the Rashba
strength can be tuned by gate voltage [24]. From Fig.5,
two SOIs are shown to generate competitive result, that
for α > β (α < β), the spin density at the edges is
up-spin-like (down-spin-like) in +x direction, and down-
spin-like (up-spin-like) in −x direction. In the case
α = β, the effects of two SOIs cancel out each other
and the spin density is exactly zero in the entire region.
Spin polarization at the peak is about 10−3. This accu-
mulation is obviously caused by two SOIs, but how the
SOIs work physically is unclear. Such a difficulty comes
from the fact that electron spins are not conserved. To
see how the SOIs change electron spin states, we derive
dynamical force acting on electrons in x direction, given
by Fx = m
∗d2x/d2t = m∗(i~)−2[[x,H ], H ] [25],
Fx = −
dVEdge(x)
dx
+
2m∗
~2
(α2 − β2)kyσz . (16)
The second term shows that the Rashba and the Dressel-
haus SOIs cancel out in the case |α| = |β|. In quantum
mechanics, the force is hard to deal with, so we calculate
back an effective potential from Fx, just as in classical
mechanics, giving a spin dependent effective potential,
Veff(x) = −
∫
Fxdx
= VEdge(x) −
2m∗
~2
(α2 − β2)kyσzx . (17)
From this expression, it is clear that the second term
determins the profile of spin density.
We now consider energy bands to discuss the effect
of the second term, as illustrated in Fig.6. A state
A with energy En,ky,s=±1, an eigenvalue of Hamilto-
nian H0, is degenerate for up- and down-spin. Spin
density, contributed from the states (n, ky , s = 1) and
FIG. 6: Schematic figure of energy separation. The degener-
ate state A with energy En,ky,±1, eigenenrgy ofH0, is separate
into the stete B with higher energy E
′
n,ky ,+
and the state C
with lower energy E
′
n,ky ,−
. D and G are the states with Fermi
energy.
FIG. 7: Electron densities and spin densities are plotted as
a function of x for state (10, kFy ,+) and (10, k
F
y ,−) in highest
two bands crossing Fermi energy. Parameters are EF = 50
meV, ~ω = 5 meV, α = 7 × 10−12 eVm, β = 5 × 10−12
eVm. Solid line represents that the profiles of electron number
densities are approximately same. Dashed line and dotted
line show the doformed spin densities for two state caused by
SOIs.
(n, ky, s = −1), is exactly zero, since spin densities for
up- and down-spin have the same profile with opposite
signs, and cancel out each other. The SOIs lift the de-
generacy of two states into a state B with higher enegy
E
′
N,ky,+
and a state C with lower energy E
′
N,ky,−
. In
the case ky<0 and |α|>|β|, for the state B (C) , the spin
density, following the second term, behaves up-spin-like
in x > 0 (x < 0) and down-spin-like in x < 0 (x > 0),
while the electron density is approximately unchanged.
In Fig.7, we plot the spin densities and the electron num-
ber densities for two states, say states D and G. Here the
states D and G are taken to be the two highest band
states at the Fermi level. In our parameter, they corre-
spond to the states labeled by (10, kFy ,+) and (10, k
F
y ,−).
5Profiles of electron densities for two states are nealy the
same (solid line), but profiles of spin densities are differ-
ent as explained above (dashed and dotted line). In our
system, the density of states is inversely proportional to
the square root of energy measured from the bottom of
subband. With the same band index N and energy E,
electrons in + band contribute to spin density more than
electrons in − band do, then the result for |α|>|β| in
Fig.5 is similar to the spin density profile for electrons in
+ bands. In this way, we can explain the induced the spin
accumulation with the discussion from the deformation
of the spin density caused by the SOIs and the density
of states.
C. All SOIs
In this subsection, we consider all SOIs. Hamiltonian
is exactly diagonalized numerically by expanding wave-
functions in eigenstates of the harmonic oscillator. Cal-
culated spin density 〈σz〉 is plotted in Fig.8, representing
the effects of three SOIs. This figure looks similar to the
previous result (Fig.5), but, even in the case |α| = |β|,
the spin density is not zero. It is because the SOI from
the edge potential makes spin density at the edges up-
spin-like (down-spin-like) in − (+) x direction. In that
case, the spin density profile is the exactly same result of
only the SOI from the edge potential, as long as |α| = |β|.
We believe that a result obtained in the realistic poten-
tial like Fig.2(a) is essentially same with our results, since
only the physical mecanism at the edges is important.
We obtain similar spin accumulation to the experiment
(α = 1.8×10−12 eVm, β = 0 eVm), performed in the two
dimensional electron system [14]. In that experiment, the
observed spin density is up-spin-like (down-spin-like) at
the edges in − (+) x direction. This shows the impor-
tance of the SOI from the edge potential, since the theory
taking account of the Rashba SOI alone can not explain
the experimental result [14].
One of the most characteristic results is that the signs
of spin accumulation from the edge potential is opposite
depending on the Lande factor g∗ ≷ 1. It is because the
sign of Hedge (4) depends on the Lande factor. Actually,
in the experiment performed in ZnSe (g∗ = 1.1) [15], the
sign of the spin accumulation is opposite to the exper-
iment peformed in GaAs (g∗ = −0.44) [12, 14]. These
experimental results are consistent with our analysis, and
demonstrate the important role of the SOI from the edge
potential.
IV. SUMMARY
We have investigated the spin accumulation caused by
three SOIs in the 2DES. The spin density 〈σz〉 was cal-
culated including all SOIs. All three SOIs were shown to
induce opposite spin accumulations at the lateral edges,
which was observed in the experiments . We also showed
FIG. 8: Spin density caused by three SOIs is plotted as a
function of x and α for EF = 50 meV, ~ω = 5 meV, µH−µL =
1 meV, and β = 5 × 10−12 eVm. Spin density is similar to
the previous result in Fig.5, but for |α| = |β| the spin density
is not zero because of the SOI from the edge potential.
that the Rashba and the Dresselhaus SOIs produce com-
petitive results. Especially when the strength of both
SOIs are equal, their effects cancel each other. In that
case, the spin accumulation caused by the SOI from the
edge potential remains, and the analytical expression was
obtained for the spin density. In addition, we discussed
precisely the physical mechanism of forming opposite
spin accumulations for each SOIs, considering effective
potentials acting on electrons. Finally, we discussed our
results, compared with the experiments, and concluded
that the SOI from the edge potential induces the observed
spin accumulation. From our result, we predict that the
spin accumulation for g∗ < 1 (g∗ > 1) can be diminished
(enhanced) as the Rashba strength increase, which can
be observed by tuning the gate voltage. This electrical
control of electron spins would become a useful tool in
spintronics.
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